We present the fermionic reperesentation for the q-deformed hypergeometric functions related to Schur polynomials. For q = 1 it is known that these hypergeometric functions are related to zonal spherical polynomials for GL(N, C)/U (N ) symmetric space. Multivariable hypergeometric functions appear to be tau-functions of the KP and of the two-dimensional Toda lattice hierarchies. The variablies of the hypergeometric functions are the higher times of those hierarchies. The discrete Toda lattice variable shifts parameters of hypergeometric functions.
Introduction
Hypergeometric functions play an important role in physics and in mathematics [3] both. Many special functions and polynomials (such as q-Askey-Wilson polynomials, q-Jacobi polynomials, q-Gegenbauer polynomials , q-Racah polynomials , q-Hahn polynomials , expressions for Clebsch-Gordan and Racah coefficients) are just certain hypergeometric functions evaluated in special values of parameters. In physics hypergeometric functions and their q-deformed counterparts sometimes play the role of wave functions and correlation functions for quantum integrable systems.
In the present paper we shall construct hypergeometric functions as tau-functions of the Kadomtsev-Petviashvili (KP) hierarchy of equations. It is interesting that the KP equation which originally serves in plazma physics [4] now plays a very important role in physics (see [5] ; see review in [6] for modern applications) and in mathematics both. This pecularity of Kadomtsev-Petviashvili equation appeared first in the paper V.Driuma [7] where L-A pair of KP equation was presented, and mainly in the paper of V.E. Zakharov and A.B.Shabat in 1974 where this equation was integrated by the dressing method. Actually it was the paper [1] where so-called hierarchy of higher KP equations appeared. Another very important equation is the two-dimensional Toda lattice integrated first in [8] . In the present paper we use these equations to construct hypergeometric functions which depend on many variables, these variables are KP and Toda lattice higher times.
Here we shall use the general approach to integrable hierarchies of Kyoto school [2] , see also [10, 9] . Especially a set of papers about Toda lattice [19, 20, 21, 22, 23, 24, 25] are important for us.
There are several well-known different multivariate generalizations of hypergeometric series of one variable.
Let |q| < 1 and let x 1 , · · · , x N , y 1 , · · · , y N be indeterminants. The multiple basic hypergeometric series are defined by the formula p ϕ q a 1 , · · · , a p ; b 1 , · · · , b q ; q, x (N ) , y (N ) = l(n)≤N (q a 1 ; q) n · · · (q ap ; q) n (q b 1 ; q) n · · · (q bq ; q) n q n(n) H n (q) s n (x N ) s n (y N ) s n (1, q, ..., q N −1 )
where the sum is over all different partitions n defined as: n = (n 1 , n 2 , · · · , n r ) , n 1 ≥ n 2 ≥ · · · ≥ n r , r ≤ |n| (2)
Coefficient (q c ; q) n associated with partition n:
The multiple q n(n) defined on partition n:
and q-deformed 'hook polinomial' H n (q) is
where n ′ = (n ′ 1 + n ′ 2 + · · · + n ′ r ′ ) is the conjugated partition (for the detailed definitions see [15] .)
Another generalization of hypergeometric series is so-called hypergeometric function of matrix arguments X, Y with indices a and b:
Here X, Y are N × N matrix and Z |n| (X), Z |n| (Y) are zonal spherical polynomials, see [14] . There are also hypergeometric functions related to Jack polynomials
Here (c) k = c(c + 1) · · · (c + k − 1). It is known that for the special value d = 2 the last expression (10) coinsides with (1), and with (9) for |q| → 1. These last cases we shall consider below.
1 A brief introduction to the fermionic description of the KP hierarchy [2] We have fermionic fields:
where fermionic operators satisfy the canonical anti-commutation relations:
Let us introduce left and right vacuums with the properties:
Troughout the text the suscript * does not denote the complex conjugation. The vacuum expectation value is defined by relations:
Let us notice that if a function f has no poles and zeroes for integer value of argument, then relations (13)- (17) are invariant under the following transformation
Consider the set of the finite linear combinations of quadratic elements a ij : ψ i ψ * j :, where :: means the normal ordering : ψ i ψ * j := ψ i ψ * j − 0|ψ i ψ * j |0 . These elements together with 1 span an infinite dimensional Lie algebra gl(∞):
Now we define the operator g which is an element of the group corresponding to the Lie algebra gl(∞):
We introduce the evolution operators e H(t) , e H * (t * ) , where t = (t 1 , t 2 , ...) and t * = (t * 1 , t * 2 , ...) are called higher Toda lattice times [10] , [19] (while the first set t are called the set of higher KP times), via:
where the Hamiltonians H n , n ∈ Z are
For the Hamiltonians we have Heisenberg algebra commutation relations:
The action of e H(t) on the fermions:
where p n is the elementary Schur polynomial defined by the Teylor's expansion:
The action on fermionic fields is especially simple:
Schur function corresponding to partition n = (n 1 , · · · , n r ) is defined as:
Lemma 1 [2] For −j 1 < · · · < −j r < 0 ≤ i s < · · · < i 1 , s − r ≥ 0 the following formula is valid:
where the partition n = (n 1 , . . . , n s−r , n s−r+1 , . . . , n s−r+j 1 ) is defined by the following pair of partitions:
The proof is achieved by direct calculation. Here (. . . | . . .) is another notation for a partition due to Frobenius (see [15] ). In the fermionic picture the bilinear relations of the KP hierarchy can be easily derived. We have the rule of the bosonisation:
Vertex operators V (z) and V * (z) are defined by:
. The Baker-Akhiezer function and conjugated Baker-Akhiezer function:
Hypergeometric functions related to Schur functions
Let r(D) be a function of one variable D. Now let D be the operator D = z d dz which acts on the basis of functions {z n ; n ∈ Z} as r(D)z n = r(n)z n . All functions of operator D which we consider below are given via their eigenvalues on this basis. We shall assume that the function r(n) = ∞, n ∈ Z, but it may have zeroes at some integer values of the argument: n ∈ {M 1 , M 2 , . . .}. Let us consider the following set of commuting fermionic operators
where the operator r(D) acts on all functions of z from the righthandside. For the collection of independent variables β = (β 1 , β 2 , . . .) we denote
For the partition n = (n 1 , . . . , n k ) and a function of one variable r let us introduce the following notation
For the partition 0 we set r 0 (M) = 1. Lemma 2
The following formula holds
Here the partition and all parameters are the same as in (30) .
Proof: the proof is achieved by a direct calculation. Let us consider the following tau-function of the KP hierarchy
where e H(t) = 1 + H(t) + 1 2! H 2 (t) + . . .. We easily obtain the following proposition:
where r n (M) is given by (38) . The sum is going over all different partitions n.
We shall not consider the problem of convergence of this series in our paper. The variables M, t play the role of KP higher times, while β is a collection of group times for the so-called additional symmetries of KP [18, 11, 12] namely a commuting subalgebra of the additional symmetries (see Remark 7 in [17] and [39] as an example). The different point of view on (41) is that it is a tau-function of two-dimentional Toda chain [19] with two sets of continuous variables t, β and one discrete variable M. Formula (41) is a symmetric one with respect to t ↔ β. This 'duality' supplies us with the string equation [25] which characterizes a tau-function of hypergeometric type (see below).
Let us notice that the Schur functions series expansions for Toda lattice tau-functions were used in [20, 21, 22] in a different context.
Let us introduce the operator
Then we have the following generalization of Proposition 1:
Remark. This expansion has the following interpretation. The 2-cocycle (21) ofĝl(∞) ele-mentsÃ 1 , A 1 (if one uses vacuum vectors M||M for normal ordering :. . . :) isr(M)r(M):
Let us consider the following difference equations on functionsh(D), h(D):
Now let us show that if solutions of (46) exist, and both ofh(m) and
have no poles and no zeroes at integer values of argument m, then our fermionic representation is equivalent to the standart one [19] . We define the operator H 0 (h) ∈ gl(∞):
and
Proposition 3 If function h has no poles and zeroes in integer values of argument then
where g is defined by (48).
Let us prove the formula (49). Indeed we have H 0 (h)|0 = 0 and also:
We obtain (49).
Now we shall consider thatr = 1 and the function r has zeroes
To obtain Toda lattice we use the following prescription. We find solutions h(M) of equations in each of the regions
separately and denote it as h(m, M). Thus we have
in each of the regions:
Then due to (44) Then from (38) ,(41) we see the following. In the region (58) the series (41) has only a finite number of nonvanishing terms. For the region (59) the sum is only over the Young diagrams n of the length l(n) < M − M 1 . For the region (57) only those diagrams n for which the conjugated diagrams n ′ have length l(n ′ ) ≤ M s − M contibute the series (41). In a more detailed text we shall write down a system of orthogonal polynomials related to m.
Remark. There are two different ways to restrict the sum (41) to a sum over partitions of length l(n) ≤ N. The second way is to use so-called Miwa's change of variables.
It is convinient to consider the following fermionic operators:
For Miwa variables z i :
the following formula takes place:
The main content of the paper is the observation that if r(D) is a rational function of D then τ r is a hypergeometric series. If r(D) is a rational function of q D we obtain q-deformed hypergeometric series. Now let us consider various r(D).
Example 1 Let r = 1. Then one gets
which is vacuum tau-function for the two-dimensional Toda lattice. Variables t, β are higher Toda lattice times. Formula (67) is a manifestation of summation formulas for Schur functions [14] .
Example 2 Let r(n) = n. Then we have zero M 1 = 0, and we glue h from two parts: h(n) = 1 n! , n ≥ 0 and h(n) = (−1) n (−n − 1)!, n < 0. Let β = (β 1 , 0, 0, ...). For M = ±1 we get
Thus β 1 plays the role of spectral parameter for the vacum Baker-Akhiezer function. This is in accordance to the meaning of β 1 as a group time for the Galilean transformation [17] .
Example 3 Let all parameters b k be nonintegers.
If all a k are also nonintegers the relevant h(D) is:
For the correlator (41) we have:
If in formula (71) we put β 1 = 1 and β i = 0 for i = (2, 3, . . .) one can get the hypergeometrical function related to Schur functions [14] :
in the last formula H n is the following hook polynomial (compare with (7)):
We obtain usual basic hypegeometric function of one variable of type
if we take a 1 = 0, t = (t 1 , 0, 0, . . .), β = (β 1 , 0, 0, . . .) [36] . Example 4. Now we take r, β, b k to be the same as in Example 3 and consider the following change of variables
In this case the formula (72) turnes out to be
Taking N = 1 we obtain the usual basic hypergeometrical function of one variable which is x 1 now (compare with (74)).
We also get the hypergeometric function (9) related to zonal polynomials for the symmetric space GL(N, C)/U(N) [14] p F q
.., N are the eigenvalues of the matrix X and for zonal spherical polynomials there is the following matrix integral representation
see [14] for the details.
Example 5
The q-generalization of the Example 3:
For the variables (75) and for variables:
we obtain the formula (1)
To receive the basic hypergeometrical function of one set of variables we must put indeterminants y N in (83) as y i = q i−1 , i = (1, . . . , N). Thus we have
And for N = 1 we have the usual q-deformed hypergeometrical function:
For the bozonic representation of this hypergeomtric function see [16] .
Let us note that operator q D which acts on fermions ψ(z) was used in [38] in different context. Now we present the fermionic representation of polynomials listed in the Introduction. 
For this operator we have:
where
If we put variables β and t
we get 4 τ 
For M = 0 we obtain q-Askey-Wilson polynomials:
If parameters in (87) be a = q (93)
we get a fermionic representation for continuous q-Jacobi polynomials
For c = a, b = −d = q 1 2 a we have q-Gegenbauer polynomials C n (cos η; µ|q) = (µ 2 ; q) n µ n 2 (q; q) n 4 τ 3 (t, β, 0), µ = a 2 (95)
For variables t and β as in (90)
Thus we have the following fermionic representation
Example 8 q-Hahn polynomials Let us take the following operator:
corresponding tau function whose variables as in (90):
Therefore the fermionic representation of q-Hahn polynomials is
Example 9 q-Racah polynomials Now we take as r(D)
Tau function:
where β and t as in (90). Thus we have an expression
Example 10 Little q-Jacobi polynomials Setting operator r(D):
we get tau function:
where t m = (qx) m m and β m = q m−1 .
Further generalization
Formula (49) of the previous section is related to 'Gauss decomposition' of operators inside vacuums 0| . . . |0 into diagonal operator e H 0 (h) and upper triangular operator e H(t) and lower triangular operator e −H * (t * ) the last two have the Toeplitz form. Now let us consider more general two-dimensional Toda chain tau-function
where we decompose g in a following way:
where each ofγ i , γ i ,Ã i , A i has an additional index:γ in , γ in ,Ã in , A in , (n = 1, 2, . . .). Here each of A i (γ i ) has a form as in (36), (37) and corresponds to operator r i (D), while each ofÃ i (γ i ) has a form of as in (42), (43) and corresponds to operatorr i (D). Collections of variablesγ = {γ in }, γ = {γ in } play the role of coordinates for some wide enough class of Clifford group elements g. This taufunction is related to rather involved generalization of the hypergeometric functions we considered above.
Let us calculate this tau-function. First of all we introduce a set consisting of m + 1 partitions:
(n 1 , . . . , n m , n m+1 = n), 0 ≤ n 1 ≤ n 2 ≤ · · · ≤ n m ≤ n m+1 = n (110)
The corresponding set Θ m n = (n 1 , θ 1 , . . . , θ m ), θ i = n i+1 − n i , i = 1, . . . , m
depends on partition n and amount of the partitions m+1. We take as s Θ (β, γ) the product which is relevant to the set Θ m n and depending on the set of variables µ i = {µ ij } (i = (1, . . . , m + 1), j = (1, 2 . . .))
here s θ i is a skew Shur function (see [15] ). Further we define function r Θ m n (M):
here the function r i θ i (M) , a skew analogy of r n (M) from (38) , is
where n i = (n (i) 1 , . . . , n (i) s ). If the function r i (m) has no poles and zeroes at integer points then the relation
is correct. To calculate the tau function we need the following Lemma Lemma 3 Let partitions n = (j 1 , . . . , j s |i 1 , . . . , i s ) andñ = (j 1 , . . . ,j r |ĩ 1 , . . . ,ĩ r ) satisfy the relation n ≥ñ. The following is valid: 0|ψ * i 1 · · · ψ * ir ψ −jr · · · ψ −j 1 e A i (γ i ) ψ * −j 1 · · · ψ * −js ψ is · · · ψ i 1 |0 = = (−1)j 1 +···+jr+j 1 +···+js s θ (γ i )r θ (0), θ = n −ñ (116)
Proof: the proof is achived by direct calculation (see [15] for help).
Then we obtain the following generalization of Proposition 1:
wherer Θ k n (M) and r Θ l n (M) are given by (114).
With the help of this series one can obtain different hypergeometric functions. Example Let us consider the following tau function: (ã 1 + M) n 1 +n 2 (a 1 + M) n 1 (b 1 + M) n 1 +n 2 (b 1 + M) n 1 y n 1 1 y n 2 2 n 1 !n 2 ! (121)
Conclusion
We get multivariable hypergeomtric functions as certaian tau-functions of the KP hierarchy and the two-dimensional Toda chain hierarchy. One can get the fermionic representations for different special functions and polynomials related to these hypergeometric functions. It is quite unexpected that we get q-deformed version of these hypergeometric functions as tau-functions not of a qdeformed KP hierarchy but of the usual KP hierarchy. It is now an interesting problem to establish links between these results and group-theoretic approach to the q-special functions [26, 14] and matrix integrals. Let us note a certain similarity of some of our formulas and formulas from [27] . We expect to work out connections with matrix models of Kontsevich type [28] and two-matrix models related to 2D Toda lattice [29, 30] . We consider (in [37, 35] ) the multicomponent KP [10, 33] as a basis for obtaining new examples of hypergeometric functions.
